
Tuesday, Feb (4

· Missed quit policy
1. Reach out beforedass

2. Take quit at first Of after

Goal : Check understanding

Incentivize class attendance

· Late assignment policy
Q : What fraction of volume

-> 24 hours late window (life happens ( isa close to equator?
& hard deadline after that

Plan
·Figh dimensional geometry is weird

A : All but used fraction of volume

· JL projection E-close to
any equator



Draw random points from unit full

Goal : Show that X-Bd has Nike up l-ited
Given 2 from interior of unit ball

,
w=12 from surface

If IwilE = Wil E Since NI - /

New Goal : Show that w from sufe has Nike up l-fed
Let g-NO,) .

w= Fig from surface by rotational invariance

# 11g/k =...



If : Then

① llglk2 Iwil=
② 19 . /t

Pr((w .< E) = Pr(O and) Pr(0 andQ) = Pr(D) + Pr(Q) -Pr(or)

=> Pr(Q) +Pr() - 1
- 1 - Pr(0) - Pr(O

= (1- Pr(0)) + (1-Pr(8)) -1

= 1 -Pr(0 - Pr(QY

Pr(0 = Pr)11g1<2) = get by Johnson-Lindenstrauss Lemma

Pr(Q = Pr(19 ./E2) = York by Gaussian tail bound
2

I larger
for small E

= I-endiz -yed



Despite warnings, let's play with high-dimensional data !

Goal : Compress to smaller dimension while preserving structure

Johnson-Lindenstrauss Lemma : qy ...Ener? 7 T : RPER*

for K = 0() Sit, for all isjeant, up 9/10,

1- E)11qi-g; /1 IITtqi - Tg ; / = (l+ e) 11gi-Gill
(IE) (IIE)

"Lemma" as a stepping stone to another result
, immensely useful for smallE



Clustering Application

Points a, . . . ,an EIR
&

Partition 2n] into m clusters

C = EG, .. ., (m3

Cost(s)=a

Exact solution is NP-hand.

Approximate efficiently with polynomial dependence on d.

Goal : Decreased

ost(s)= an-Haul is cost on projectedathe



By JL,

(1-e)Cost(s) = cost(c) = (1+e) Cost(c)

With an approx algorithm ,
find

a
optimal on projected

cost (c) = (1+x) cost(
*

)
↓ optimal on original

Claim : Cost (c) - (1 + o(x+ El) cost (<
*)

Hint : TE HE for small E



Thursday,
Feb 26

· Exam 3/5

Plan
· Continue JL



Johnson-Lindenstrauss Lemma : qx ... En Er? 7 T : RPERK

for K = 0() Sit, for all isjeant, up 9/10,

2

1- E)11qi-g; /1 IITtqi - Tg ; / = (l+ e) 11gi-Fille

"Lemma" as a stepping stone to another result
, immensely useful



Clustering Application C = EC , ....
(m3 ~* optimal

- C
in projected

&

# optimal in original
No--&

# · [I) &

·

I

cost(c)=-aTantali
&L : (-1) Cost= cost (c) = (H+E) cost(b) otL

Approx : Find <s .t . cost(s) = (Hd) cost(5*)

cost(c)=ct() (12) ct(c) - (H2)(i+x) cost([
* )

= ( + 4t+2x)cst([
*

) - (1+ye+c) cost (c
* )

= (1 +y + +2a)(l+b) cost(c#)



Distributional JL Lemma

Q : Can we eficiently compute It ER
***
-

Easiest to analyze :

[TT]j = 9/E where guN(o, 1)

Let R = 0(c) .
For fixed xeR

,up,

(l-E) /MI? IITTII = (Ite)/1 XII? close- close

far20 far

Prove FL Lemma with X= gi-g; and Union Bound



gERR g-N(0, 1)

Using dist. JL
, prove Pr)lIgI= ERgI) -te for constant



Proof of dist
.

JL

Goal : Show IITTXII? concentration Zi

lITTI =(i , xi]=lix(i))

Fact : Stability of Gaussians
.

For X
,UN(M,02) and XCVN/M2 , 82)

X+ Xy - N(M ,
+Mc, vi

+0i)

Claim : Zi ~N(0, 11 x2) ·

ThenAllTTxI= E(ti] = 111
,
2



z
* scaled chi-squared nv withb degrees of freedom

Chi-squared Concentration

Pr((z-z)= Ez)= 25 -1/8

Our case : Z = IIT-z
Pr(IIITX - 11 x12) = @lIX11) - 2 -/8= S

k =3



TC tells us we can preserve high dimensional behavior
...

But wait
,
isn't high-dimensional geometry wird?

Reconcile with "hard" case. Consider Orthonormal X , , ...,XnEIR

O JL says we can compress toE0(logn/2) dimensions to retain -approx.

CER
② Probabilistic method tells us there are I nearly orthogonal

rectors in K
i

.t
,
2 =<Clogn/t= logh on

(between friends)=> two sides of the same can!

Alternate View : To have random points be"closeind ,
we need n = 29 of them

In this case
,
JL doesn't help since logn =d


