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Midterm 1
·Similarity estimation

-

Minimum : 52
· Locality sensitive Hashing

Median : 82
Mean : 78

Maximum : 96
Standard deviation : 14

D
Grades in canvas.

Long tail, will curve eg. 60% to <



Similarity Estimation
Query Song xE So,

&

Q : How does Shazam match song Goal : Find "newby" ge 50, 139
clips to a library of n:tens of millions of songs Challenge :

in a fraction of a second? · Olnd bits)
↑ackground song clips offset · O(d) time to compare o , y

noise

Building Block :

Sketch y into (ly) EIRB

d to preserve Jaccard similarity
ES0,
B

ERR



Jaccard Similarity
-

J(,y)==verentriesn commen
is

Applications(i) · "bag of words"

* rector representation · earthquakesX Y representation
5 2

,
3
,33 31,

3
,334

set
· eached webpages



Min Hash Algorithm
d Claim : Pr(ci(x) = <i (y) (

Xe 50,13

compression function c: 30,13deirk = T(x,y)=
k Hash functions

[i(x) = min hi(j)
je(d] :Xj= 1

=> J(x,y)=,
2(2x) = ci(y)]

Laim : When K = 0 (jeg) , up
1 . 8

,

T(,y) - e = J(x
,y) = j(x,y) + -



Near Neighbor Search

Goal : Given XEIRA
,
find "nearest" vectors among y ....., yn

EIR

Using MinHash
, storage/time go from Ond) to O(nk).

↑still linear!
Is faster possible ?

Important problem for multimodal
embeddings!

↑



Locality Sensitive Hashing Preprocessing-

h : IR*+ E , . . .,m3 Select 6
.

i I

h is locally sensitive if Instantiate table with

m =O(n) cells -

· Pr(h(x)=h(y)) is high when Xy close Put J: in cell h(yi) Vi
· Pr(h(X) = h(y)) is low when xy far

Query-

Attempt10) minhash
Given X

,
search in cell h(x)

for near neighbors.

9 : [0,1-> 31. m3 uniform hash
Two issues:

u(X) = g(c(x)) 1.
False negative rate

Pr(h(x)=h(y)) = 2. False positive rate



Attempt # 1 : Increase FNR
-

Idea : More chances to find Y

t tables with h
,...,he Preprocess and query in all

t

Pr) find y) =

Attempt #2 : Reduce FPR

Idea : Harder to appear in the same cell

~ copies of minhash . hi(x) = g(c(X), ..., ((x))

Pr(h(x) =h(y)) = J(x,y)" + (1 - J(x,y)) +

Pr(find y) =



Tuning Minkash works for binary,

what about similarity between

general nectors X,ye &y

cos O=yll

Desmos with rand +! // X-yll = <X-y , x -y)

= 11x112 -z <X,y) + 1y/??
unit norm

= 2- 2cos@

↑inverse" of distance



Thursday, March 12

· No OH Monday 3/23

· Written notes are not ready !

Par
· Sim Hash

· Singular Value Decomposition



Locality Sensitive Hashing

h
, ...he : R*+ El, . . .,m3 Given

Y

,)= 1- Pr(hi(x) + hi(y))t

Pr(hi()=hi(y))=ShighisA
Juxardyd-0

,
M MintasaY, ...,y-

↑
m! (0,
& + E1 , .. .,m3

# St tables hi(x) = f(x), . . ., ci(x))

~ Pr(hi(x) = hi(y)) = J(X,y)"
m cells when m = 0(n)



SmHash ~

Let 9:gruN(0,
1)

f : E-, 13"eE, , ...,m3 uniform random

h(x) = f ((sign(g,x)), ... , Sign (gr,x))))

Pr(sign ( <g, x)) = Sign(gy):-
↑ same sign iff

X,Y on the same

side of hyperplanew

Pr(hi(x) = hi(y)) =



Linear Algebra Review d

X= 2 Xi V ;ViT
Suppose XEIRAxd is symmetric i=1

- eigenvalue Easy to see XVj = XjVj
Xv =Xv

Teigenvector
FobeniusNorm

If full rank,

↓ X 2 ... Xd
IXII=[ii

vi
,

12
, . . . .,VdER9 = +r(XX)

=tvivid anvivit)Vi are orthonormal : j=1

<Vi
,Up = &it is



Matrix Multiplication
mXn nxm

A E IR BER

i I 11 = /J CAB]Alin(B
As

j

-art(



#robemiusNois

Alle=A=AtAli (
*

71")
= (ATA]j,j = trace (ATA)

J

cyclis Property of the trace

1)A GIRRY
,
BERNXm

AB= ab

tr(AB)= traibit) =dia:= (BA] :: = +- (BA)



Eigendecomposition Singular Vector Decomposition-

Square,symmetric X = 1pdxd Any matrix X-1Raxd
↳ eigenvalue

Xv = Xvq WLOG
, n =d

↑
eigenvector

singular values 0
, 7022 ... Ed

X zxz2 ... I Xd

v , V , ...,
vdEd left singular vectors U

1,
42, . . ., Ud

EIRC

Right singular vectors v, v2, ..., Vd EIR
&

[Vi
.Uj> = 31 iRit

<Hi ,Uj) = <Vi
,Vj) =Sif=

d
X= diviv :

T

X=[i iViT

XX = ↓ X =

XTX = XTX =



d

Xa=idVia

1. Project vector onto V
,. . .,
vd

2 . Scale coordinates

3. Linear combination of U, ...4d

SVD useful for...
d

T
· Pseudoinverse X

*
= E + vili
i= 10%

·Condition number &10d

· Matrix norms i.e.,12 = & ,
IXIE=

· Principal Component Analysis
d

· Powers XP= PviviT



Low Rank Approximation
Rank characterizes structure :

$" Ia rank K if K unique points points
↳= rank R if K clusters of points

↳ rank K if k indep · features
u

=) reduce dimension using structure! features

Goal : Given X
,
best rank-k approximation

Xp = argmin 11 X-XWWIllE
XwwT where We /R

& XP
with orthonormal columns in WTW =I

Eckart-Young-Mirsky : XK=iv



( = /IX-XWWillE = 11 XCI-WWYllE
T

= +r) (I-wwT)XYX(I-wwill CI-wWY) = (I - ww = CE-wwip

= +r)x
+X(I-wwi)) cyclic property of the trace

=> try XTX) - tr) XTXvWT) linearity of trace

argmin (
*) = argmaxtr(XTXw

tr)x
*xwwT) = +r(wix+

Xw)
= tr(WT *X=vijv;
= 2 tr(wriviu
d

=>

E 11v:Twil



zi = IIviwI OZiEl because columns of W are othonormal

d

& zi= twviviw) = +(Win
= +r(WTIw) = tr = k

d d

Choose Zi with OE ;
31 andSEER to maximize 2 02 zi

=1

· Choose Zi=&fik · w=e
T

Xww=anivetivei)
#

==
i=1


