
Tuesday, April 17

Lanczos!

Spectral graph theory !



Krylor Supspace Power method just
↓ uses last rector. Can we do better?
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initial start

Compute QR**M, an outhonormal basis for
Form T= QTAQ (T is tridiagonal , prove for hu
Let z be top eigenvector of T
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Analysis :
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2. There is a very "good" rector w Goal : Find P(X) S.t. P(X;) small

in k
. All wink forjti but P(x) large

w = <,
z(0)+ x2Az10+... + XmAM-10)

Answer : Chebyshev Polynomial !
= p(A) z()

=(i)vz Claim : There is degree m= O(Mylogee
Chebyshev p where P(1) =1 but

= Pli)Vic (p(x)1 = t for OX-1-Y)



& assume undirected
Spectral Graph Theory G = (V

,
E) for now

-

Graph data : graph vertices edges
(n) (m)

↳social networks

re internet ① V = 51
,
2
,

3
,43

g E = E(1, 2), (2,3), (2 ,4), (3, 473

Adjacency Matrix Degre Matrix
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-acian Edge-Incidence Matrix

Be Remxn
L = D- A

I Blij), = El if
=f O else

&

Show:

Fun Facts : ↳L= BT B

↳ If I hasb eigenvalues
- = bib: where di is itequal to 0, then G

hasI connected components row of B

is Sum of cubes of eigenvalues
equals number
of triangles times 6



Thursday, April 9



Graph G = (V,E) witha nodes/vertices
, m edges undirected
-

L

Adjacency Matrix : A ER* (Alij = S if (ii) et o (j)

Degree Matrix : DERM [D]i
,
i = (A):=edges to i

Laplacian Matrix : LEIRUM L = D - A

Edge-incidence Matrix : Be IRMM (BIcin=[
O else

= Hi =u) - 1[j =n]



Claim : L = BTB U 1 :%
[BB]u,v = S

ciitE
(BY

u, (ii) [B]cij],

= 2 (Hi = u]- 1(j=u])(1(i=v) -H(j=v])
(ii) t E

if ulet =n]+H[j= u) = # edges to u = [Du
,
U
= (47a,

ifEV
=
- H(i =u]2(j= v) - 1(j= u)f(i=v] = - [A]an= Cur



Insights

x+x = x
+Bx = /) / =+(xi-x =

If B = UENT then L = VST

small if x "smooth"
on graph

Consider f(x) = X+LX = & large if x "jumpy



GraphPartitioning
↳ understanding social networks

↳ clustering
↳ visualization

Let CEE-1, 13 "be "cut" vector.
↳ Karate graph!

i

.e. ci =S it is a

Goal : Find S and S: VIS S.t.
1 . CTLc = & (G-c; )3

(ij)tE
1 . Number of edges btwn SS small

=> 4 .# edges between SSC
2. S
,
S' are not too small

= 4 cut(S,S')

2. (c1) = (151-154/



Computingthe Optimal Cut

min The St . Ite=0perspectivarginne aCE

↓ relax Xdh va =again vTL
v : (IVI =) v : /IVIIz= 1

min cTLC St . CT1 =0 [V
,Vd)

= 0
<V
, Vd>= O

c : llcIz= /
L

Show :

is Smallest eigenvector of LisI

↳ Second smallest is solution to the relaxed problem



Strategy : Time Complexity :

compute Un-

Use c= sign(n-1)



Recall L= D - AsticBlock Modesetting we can analyze
i.e. top eigenvalue of A
is bottom eigenvalue of L

0cq < p>

Group S and So partition V into two equal groups

Prledge ii) = 3 p
if i.j ed or is

G else
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