
Tuesday, April 14 If second midterm grade is higher,
· Midterm next Thursday (4/23)

2 I will replace first midterm grade.

· No class next Tuesday (4/21)

· Office hours :

↳ Canceled next Thursday (4/23)
↳ Virtual Monday (4/20)

& Extra tomorrow (4/15)

This week : Continue doing cool things with matrices
, fast

Randomized Numerical Linear Algebra
· related to

my
research

· beautiful, heavy proof



Spectral Graph Theory Correction

L = D - A

Incorrect : If O is smallest eigenvalue of L,
then 1 is top eigenvalue of A

Let I=LI, = DEAD
,
D : DDD"=I

I = I - Consider Av = Xv .

[v = (I - A )v = v - Xv = (1 -X)v

Since I has eigenvalues =0 , (1)-0) X11 for all x

Since O is smallest eigenvalue of I with eigenvector j2,
M I is top eigenvalue of A with same eigenvector



Sketched
-

Goal : SolveRegressiona squares regression problem faster

A CIRUXd GERRY

x
*
= angminllAX-bl = CAAA O Time complexity :

& : What if n (#cols) on d Crows) is huge?



Edea : Find optimal solution to approximate problem

x
*
= argmin 11Ax-611? vs. = angmin 11 TTAx-T611?

d
XEIRd XEIR

TERMXN is TL projection matix for mcn

Theorem : When m= O(d/e) then
, up 9/10,

llAX-6112 = (1+e) llAx*- 611?

That is, gives almost as good of a solution as X
*



Claim: Under the same conditions
,
for all xIR

&

&

Cl-e) llAx-b11 = 11TTAx -T6113 = (I+ e) llAx-611?

Proof of Theorem using claim :



Plan : Let's prove the claim i

Distributional JL : If m = O()) then
, fo a fixedy , up,

D-E) lly1l = IITTyll = (l+e) 11 yll?

Challenge : It holds for me y whereas claim holds forfinite Axed

Idea : Yes
,
Ax-beR"t lies in d-dimensional subspace

cie .., I mean combo of d+ vecs)



subspace Embedding : Let UCR" be a d-dim subspace.

If m =

o(dogce
+ log(s)) then

, up I-S
, for all ye,e

C-E) Kyli = 11 Hylle - (I+ e) lly112 ·

Notice the Claim follows since U = &AX-6 : ExtR&3 is (dH)-dim.

Notice it suffices to prove the embedding result for w with

11wil? = 1 Since the statement is scale-invariant.

Let Su = SWEU : llwlk= 13



Zsilon-Net : There is a "small" set of points that cover unit sphere

Fore41
,
there existsNe Su with

① I Nel = (2)
② For all veSu
,min llv-wllz



ProjectThursday , April 16 -

Proposal due April 27
Midterm Thursday , April 23 ↳ explore topic/algorithm

&↳ virtual OH Monday of your choice from class

↳ no class Tuesday
↳no OH Thursday

Tay
Continue sketched regression !



setchedRegressioa Theorem : When m= O(d/e)
, up

9/10,

11 Ax-612 = (I+e) //Ax*-611 :
Idea : Project Columns from IR" toI

d

Claim : When m=0 (1/2)
, up 9/10, for all xelt,

(1-e)/AX-611? = 11 TTAx-IT6ll=CellAx-blE

u = 2Ax-6 : X-IRP3CIRL
Embedding Theorem : LetI be d-dim.

x
*
= argmin/lAx-611 When m=O(Ye)+log(15) ,up,e

TTERMXG TL matrix (l -E) Ilyll= llTTyle = (1+ -b) Ilyl Yyel
9

Y = argin IITTAX-Toll? By scale-invariance, enough to show

for Su = Swel : / wh = 13 .



Distributional JL: If m =0 (g)) for one y E, up

D- -) llyl - lIttyli = CH+Ellyli

Epsilon-Net : There is a "small" set of points that cover unit sphere-

Fore41
,
there existsNe Su with

① I Nel = (2)
② For all veSu
,min llv-wllz



CHypothetical) Epsilon-Net Construction :

Greedily add points that are at least

t-away from other points while they exist.

② clearly holds
,
let's prove Q ..

Recall volld
, n) = card

vol(d,) /Nzl =vol(d, Hel

=> IN=(



Set S = TONel . By JL
, up 1-10,

(1-E)lwI- 1/ Tull - (1+-) /Iwll?

when m =0(
Q : How about points ve Su but not Nt ?

1 . W
,we, ... ENE

Write v= Wo+ w ,
+ (W , + ... where

2. Ikely

Wo = argmin /IV-wil r
,
= u-w C = IIr, 112

We Ne

W
.
= argmin Ilr-wI r= V,-wo-, W, G = IIry/2
were i

w =

argmin Il 3= V,-Wo-C, W ,-Lzw Cz= 11rz112



Induction : Kel= Krell = el

Base case :

Inductive Step:



a
,
be h

lla +611 = 11 all? + 2 <a,6 + 116112
<a
,
6>

= Dall ? + 21 all2116112 + 116113 by 17 cosO = Mall 1161/2
= (Hall + 1161/2)

*

For vESu
,

llttvlI = 11 Two tc ,
Ttw

,
+c
,Twz +... Ilc

= IITTwoll2 + CllTTw2 + Cliwallzt ...
=> (H+ E)(lw12 + - (1+e)11will + E2 ( + e) (w/lz +...

= (1+ b) (l + - +E + ... )= = HO



Hall= 11a +6 - 6112 = 11a +b112 + 116112

= llat b112 = 19112-116112


